Abstract. We establish sparse domination of multi-linear Calderón-Zygmund operators on non-homogeneous spaces. As a consequence we obtain sharp weighted bounds for multi-linear Calderón-Zygmund operators with respect to multi-linear A P weights.
Definition 1.2. We say that a metric space (X, d) is geometrically doubling and has doubling dimension n if for given 0 < r ≤ R and any ball B ⊂ X of radius R, the r−separated subsets in B have the cardinality at most C( R r ) n .
We follow the notion of A p weights presented in [19] and define multi-linear A P (µ) weights as follows.
Let 1 p 1 , . . . , p m < ∞ be such that where the supremum is being taken over all balls.
Here we follow the standard interpretation of the average for all x / ∈ ∩ m j=1 supp(f j ), where the kernel K is locally integrable function defined away from the diagonal x = y 1 = y 2 = · · · = y m in X m+1 and satisfies • Size condition:
• Regularity conditions:
Also a similar regularity condition for each j,
where ω is a modulus of continuity satisfying the Dini condition.
For r > 0, we define the truncated operator T r as,
The truncated maximal operator is given by
The notion of dyadic lattice in R n with a non-doubling measure µ was introduced by David-Mattila [3] . In [15] , authors observed that the same construction of David-Mattila cells works in general in the case of a geometrically doubling metric measure space. The David-Mattila cells are the key to obtain the sparse domination of Calderón-Zygmund operators in [15] . In this paper we exploit their ideas and extend this to multi-linear Calderón-Zygmund operators defined on a geometrically doubling metric measure space (X, d, µ). Let us first recall the notion of David-Mattila cells.
, µ) be a geometrically doubling metric measure space with doubling dimension n and locally finite Borel measure µ. If W denotes the support of µ and C 0 > 1 and A 0 > 5000C 0 are two given constants, then for each integer k, there exists a partition of W into Borel sets D k = {Q} Q∈D k with the following properties
• For the non-doubling cubes
Multi-linear sparse operators. A family of measurable sets S = {Q} in X is said to be η-sparse, 0 < η < 1, if for every Q ∈ S there exists a measurable set E Q ⊂ Q such that
Given a sparse family S in X and a large number α ≥ 200, a multi-linear version of the sparse operator is defined by
Main results
The main result of this paper is the following.
Theorem 2.1. Let T be a multi-linear Calderón-Zygmund operator defined on an upper doubling, geometrically doubling metric measure space (X, d, µ). Then for all exponents
and any multiple weight w ∈ A P (µ), we have
where
We would like to remark that if the underlying measure is a doubling measure then in each of the above cases mentioned above, we get that
. Therefore, in view of [14] , we obtain sharp constants for the case of doubling measures.
We shall follow the approach of Kranich and Volberg [15] and establish the above theorem using the method of sparse domination for multi-linear Calderón-Zygmund operators. To be precise, we shall show that Theorem 2.2. Let T be a multi-linear Calderón-Zygmund operator defined on an upper doubling, geometrically doubling metric measure space (X, d, µ). If α ≥ 200 and X ′ ⊂ X is a bounded set, then for integrable functions f j , 1 ≤ j ≤ m with support contained in X ′ , we can find sparse families S k , k ≥ 0, of David-Mattila cells such that the sparse domination
holds pointwise µ−almost everywhere on X ′ with implicit constants independent of X ′ .
Next, we will obtain sharp weighted estimates for the multi-linear sparse operator A S and thereby obtain Theorem 2.1.
. Then for any multiple weight w ∈ A P (µ) we have
where C ω as in Theorem 2.1.
Proofs of results
3.1. Domination by sparse operators. In this section we establish the domination of multi-linear Calderón-Zygmund operators by sparse operators and thereby obtain a proof of Theorem 2.2. For notational convenience, we shall write the proof in bilinear setting only.
Given a David-Mattila cell Q 0 ∈ D, we shall denote by D(Q 0 ) the collection of cells Q contained in Q 0 .
Here we consider X 2 with the metric d((
and x ∈ Q, define the truncated operator by
. For a fixed cell Q 0 and x ∈ Q 0 , the localized version of bilinear grand maximal truncated operator is defined by
The bilinear grand maximal truncated operator M T,Q 0 is the key tool in obtaing the sparse domination. We would require to prove the end-point weak-type estimates for this operator. This is achieved by proving a pointwise relation between the operators M T,Q 0 and T * . In the process we need to study another bilinear maximal operator M λ , which may be thought of as an analogue of the classical Hardy-Littlewood maximal operator in bilinear setting. This is defined by
It is easy to see that M λ is bounded from
for a.e x ∈ Q 0 , with constant independent of Q 0 .
Proof. Let Q ∈ D be a cell and
d(x, y i ) ≤ r}. Let x ∈ Q 0 and fix a cell P ∈ D(Q 0 ) such that x ∈ P . Choose r > 0 to be such that r ∼ diam(P ). Then,
Let y ∈ P be any point, then by combining the above estimates, we get
Thus from the Eq.(7) and the above estimate one can easily see that
Finally, taking the supremum over all cells P containing x, we obtain:
Following the arguments in [5, 18] 
,∞ (µ). This completes the proof of Lemma 3.1.
The proof of the sparse domination (6) is constructive and follows a recursive argument. We shall prove a recursive formula involving the operator M T,Q 0 . Before proceeding further, we set some notation. For α ≥ 200 and a cell Q, we write for bilinear averages
Also, for a given cell Q, we use the notation
We shall prove the following recursive formula.
Lemma 3.2. For any two nested cells Q ⊂Q, we have
We construct the David-Mattila cells such that Q ⊂Q implies 30B(Q) ⊂ 30B(Q).
Proof. For every cell Q ∈ D, x ∈ Q, and every cell P ∈ D(Q) with x ∈ P , we have
Therefore, we get the recursive formula (8) .
We know from [3, 15] that the quantities Θ(Q) are bounded by 1 and they decrease exponentially for a nested sequence of non-doubling cells. More precisely, we know that , where C λ is the doubling constant of the dominating function λ. Let
be a nested family of cubes such that Q 1 , Q 2 , . . . are non-doubling. Then,
db be a doubling cell. Then there exists a subset Ω ⊂ Q 0 , a collections of pairwise disjoint cubes C n (Q 0 ) ⊂ D, n = 1, 2, 3, . . . contained in Ω, and a collection of pairwise disjoint doubling cubes
2. For every P ∈ F and Q ∈ C n (Q 0 ) either P ⊂ Q or P ∩ Q = ∅,
Proof. The weak-type (1, 1, 1/2) boundedness of the operator M T,Q 0 implies that for large enough M > 0, the set
satisfies the desired property (1).
Since Ω can be decomposed into a collection of maximal and hence disjoint DavidMattila cells, say C 0 (Q 0 ), we get
For a cell Q ∈ C 0 (Q 0 ) and x ∈ Q, the maximality of Q implies that
for anyQ such that Q ⊂Q ⊂ Q 0 . Therefore, we have
The above estimate together with the recursive formula (8) yield
Next, we separate the cells with doubling property and set
Now for a cell Q ∈ D such thatQ ∈ C 1 , if Q is doubling we will put it in the basket F otherwise it goes to C 2 . We will follow this process inductively. Now by Lemma 3.3 we know that the quantities Θ(Q), Q ∈ C n decay exponentially thus summing over them, we get the desired result.
Recall Lemma 3.1 and note that in order to prove sparse domination of the operator T * , it is sufficient to do so for the maximal operator M λ . The next lemma establishes this sparse domination. We require to consider the localized version M d,Q 0 λ of M λ for doubling cell Q 0 , which is defined by taking the supremum over cells contained in
Lemma 3.5. For every doubling cell Q 0 ∈ D db there exist a subset Ω ⊂ Q 0 , a collections of pairwise disjoint cubes C n (Q 0 ) ⊂ D, n = 1, . . . contained in Ω, and a collection of pairwise disjoint doubling cubes
2. For every P ∈ F and Q ∈ C n (Q 0 ) then either P ⊂ Q or P ∩ Q = ∅,
The proof of this lemma is similar to the previous lemma. Thus we skip the proof.
To have recursive application of Lemma 3.4 we will encounter cubes which are doubling as well as non-doubling. At this point we follow the arguments as given in [15] to find a sparse collection. This completes the proof of Theorem 2.2.
3.2. Sharp weighted inequalities for multi-linear oparse operators. We begin with the following observation about multiple weights. For details one can look into [14] . Lemma 3.6. Let 1 < p 1 , . . . , p m < ∞ be such that
, where
If the underlying measure is doubling then µ(αB(Q)) and µ(Q) are comparable.
Therefore, for doubling measure, we have
which is sharp for doubling measures. Next, consider the case when p ≥ max i p ′ i . It is sufficient to prove
for all f j in a dense class. Since, p > 1, we use the duality to estimate the above. For a
Now using the facts that,
Similar to the previous case if we restrict ourselves to doubling measures one can see that C ω = (sup Q L Q ) ≤ [ w] A P . Therefore, by duality we get the result.
Finally, we consider the the general case of exponents. Note that the operator A S is a multi-linear self-adjoint operator with respect to each j, 1 ≤ j ≤ m. Hence without loss of generality we may assume that p [
This completes the proof of Proposition 2.3.
